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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

hQTQHQ;v bim/B2b T`QT2`iB2b Ubm+? �b b?�T2bV Q7 bT�+2b T`2b2`p2/
mM/2` +QMiBMmQmb /27Q`K�iBQMb, bi`2i+?BM;- irBbiBM;- #2M/BM;XXX

∼=

,ࢶ *mT pb hQ`mb

∼=

,ࢶ hQ`mb pB� a2B72`i bm`7�+2 Q7 � FMQi
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

Pm` T2`bT2+iBp2 Bb +�i2;Q`B+�H �b Bi Bb i?2 KQ/2`M UK�i?2K�iB+�HV
H�M;m�;2 �M/ Bi ?2HTb iQ `2p2�H �M�HQ;B2b #2ir22M �`2�b BM /Bz2`2Mi
#`�M+?2b Q7 K�i?2K�iB+bX
_Qm;?Hv bT2�FBM;- i?2 T?BHQbQT?v Q7 +�i2;Q`v b�vb i?�i r2 b?QmH/
bim/v �M Q#D2+i #v mM/2`bi�M/BM; ?Qr Bi Bb `2H�i2/ iQ i?2 Qi?2`
Q#D2+ibX JQbi Q7 i?2 iBK2 bm+? `2H�iBQM Bb KQ`2 BKTQ`i�Mi i?�M �M/
�+im�HHv /2}M2b i?2 Q#D2+i Bib2H7X

\`2H�iBQM `2H�iBQM
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2 +2Mi`�H Q#D2+i BM i?Bb H2+im`2 Bb

hQT : = i?2 +�i2;Q`v Q7 iQTQHQ;B+�H bT�+2bX

AM �H;2#`�B+ iQTQHQ;v- r2 rBHH bim/v 7mM+iQ`b 7`QK hQT iQ +2`i�BM
+�i2;Q`B2b- bm+? �b p2+iQ` bT�+2b- U�#2HB�MV ;`QmTb- `BM;b- 2i+X,

ǳ+QMiBMmQmbǴ ǳ/Bb+`2i2Ǵ
hQT = {iQTQHQ;B+�H bT�+2b} 7mM+iQ`b−−−−→ {�H;2#`�B+ Q#D2+ib},

2X;X

$−−−→ ;2Mmb= O?QH2b= 3.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h`�/BiBQM�HHv- r2 mb2 U/Bb+`2i2V �H;2#`�B+ iQQHb iQ bim/v
U+QMiBMmQmbV iQTQHQ;vX

�H;2#`� hQTQHQ;v

AM KQ/2`M /2p2HQTK2Mi- iQTQHQ;B+�H bT�+2b �`2 2bb2MiB�HHv mb2/ iQ
+QMbi`m+i �M/ bim/v K�Mv MQp2H �M/ /22T �H;2#`�B+ bi`m+im`2b U2X;X
?QKQiQTv �H;2#`�b- 7�+iQ`Bx�iBQM �H;2#`�b- 2i+XVX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

AM +�i2;Q`v i?2Q`v- r2 rBHH 2M+QmMi2` K�Mv T`2b2Mi�iBQMb BM i2`Kb
Q7 /B�;`�KbX _Qm;?Hv bT2�FBM;- � /B�;`�K Bb � +QHH2+iBQM Q7
ǵQ#D2+ibǶ /2MQi2/ #v �,",*,s,u, · · · , �M/ ǵ�``Qrbǵ #2ir22M i?2K
/2MQi2/ #v 7, ;, · · · , �b BM i?2 2t�KTH2b

� 7 !!
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❆❆

"
;
##

*

s 71 !!
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u
72
##

w ;2 !! q

q2 rBHH �Hr�v ?�p2 �M QT2`�iBQM ◦ iQ +QKTQb2 �``QrbX
h?2 /B�;`�K Bb +�HH2/ +QKKmi�iBp2 B7 �HH i?2 +QKTQbBi2 T�i?b
#2ir22M irQ Q#D2+ib mHiBK�i2Hv +QKTQb2 iQ ;Bp2 i?2 b�K2 �``QrX
6Q` i?2 �#Qp2 2t�KTH2b- i?2v �`2 +QKKmi�iBp2 B7

? = ; ◦ 7 72 ◦ 71 = ;2 ◦ ;1.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
� +�i2;Q`v C +QMbBbib Q7

RX � +H�bb Q7 Q#D2+ib, P#D(C)
kX � b2i Q7 KQ`T?BbKb, >QKC(�,") 7Q` 2�+? �," ∈ P#D(C)X

� 7−→ " Q` 7 : � → ", 7 ∈ >QKC(�,").

jX � +QKTQbBiBQM QT2`�iBQM ◦ #2ir22M KQ`T?BbKb

>QKC(�,")× >QKC(",*) → >QKC(�,*),

� " *7

;◦7

;
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2b2 �`2 bm#D2+i iQ i?2 7QHHQrBM; �tBQKb,
RX �bbQ+B�iBpBiv, ? ◦ (; ◦ 7) = (? ◦ ;) ◦ 7 ?QH/b- �M/ rBHH #2

/2MQi2/ #v ? ◦ ; ◦ 7 rBi?Qmi �K#B;mBivX

� " * .7

;◦7
;

?◦;

?

kX A/2MiBiv, 7Q` 2�+? � ∈ P#D(C)- i?2`2 2tBbib i?2 B/2MiBiv
2H2K2Mi 1� ∈ >QK(�,�) bm+? i?�i i?2 7QHHQrBM; /B�;`�Kb �`2
+QKKmi�iBp2
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
� KQ`T?BbK 7 : � → " Bb +�HH2/ �M BbQKQ`T?BbK UQ` BMp2`iB#H2V B7
i?2`2 2tBbib ; : " → � bm+? i?�i 7 ◦ ; = 1" �M/ ; ◦ 7 = 1�- BX2X r2
?�p2 i?2 7QHHQrBM; +QKKmi�iBp2 /B�;`�K

�
7 $$1� %% "
;

&& 1"''

hrQ Q#D2+ib �," �`2 +�HH2/ BbQKQ`T?B+ B7 i?2`2 2tBbib �M
BbQKQ`T?BbK 7 : � → "X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
� bm#+�i2;Q`v C′ Q7 C U/2MQi2/ #v C′ ⊂ CV Bb � +�i2;Q`v bm+? i?�i

RX P#D(C′) ⊂ P#D(C)
kX >QKC′(�,") ⊂ >QKC(�,"), ∀�," ∈ P#D(C′)

jX +QKTQbBiBQMb BM C′ +QBM+B/2 rBi? i?�i BM C mM/2` i?2 �#Qp2
BM+HmbBQMX

.2}MBiBQM
C′ Bb +�HH2/ � 7mHH bm#+�i2;Q`v Q7 C B7
! >QKC′(�,") = >QKC(�,"), ∀�," ∈ P#D(C′)X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
! C = a2i- i?2 +�i2;Q`v Q7 b2ib,

P#D(C) = {b2i}, >QKC(�,") = {b2i K�T � → "}.

! C = o2+iF- i?2 +�i2;Q`v Q7 p2+iQ` bT�+2b Qp2` � }2H/ F,

P#D(C) = {F@p2+iQ` bT�+2}, >QKC(�,") = {F@HBM2�` � → "}.

o2+iF Bb � bm#+�i2;Q`v Q7 a2i- #mi MQi � 7mHH bm#+�i2;Q`vX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
! C = :`QmT- i?2 +�i2;Q`v Q7 ;`QmTb,

P#D(C) = {;`QmT}, >QKC(�,") = {;`QmT ?QKQ � → "}.

! Ai ?�b � 7mHH bm#+�i2;Q`v

�#, i?2 +�i2;Q`v Q7 �#2HB�M ;`QmTb.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
! C = _BM;- i?2 +�i2;Q`v Q7 `BM;b,

P#D(C) = {`BM;}, >QKC(�,") = {`BM; ?QKQ � → "}.

_BM; Bb � bm#+�i2;Q`v Q7 �#- #mi MQi � 7mHH bm#+�i2;Q`vX
! _BM; ?�b � 7mHH bm#+�i2;Q`v

*_BM;, i?2 +�i2;Q`v Q7 +QKKmi�iBp2 `BM;bX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
h?2 K�BM Q#D2+i Q7 Qm` BMi2`2bi Bb

hQT : = i?2 +�i2;Q`v Q7 iQTQHQ;B+�H bT�+2b

! r?Qb2 Q#D2+ib �`2 iQTQHQ;B+�H bT�+2b �M/
! r?Qb2 KQ`T?BbKb 7 : s → u �`2 +QMiBMmQmb K�TbX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
G2i C �M/ D #2 irQ +�i2;Q`B2bX q2 +�M +QMbi`m+i � M2r +�i2;Q`v
C ×D- +�HH2/ i?2 T`Q/m+i Q7 C �M/ D- �b 7QHHQrbX
! �M Q#D2+i Q7 C ×D Bb � T�B`

(s,u), s ∈ C,u ∈ ..

! � KQ`T?BbK (7, ;) : (s1,u1) → (s2,u2) Bb T�B` Q7

7 ∈ >QKC(s1,s2), ; ∈ >QKD(u1,u2).

! *QKTQbBiBQMb �`2 +QKTQM2MirBb2X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

G2i C #2 � +�i2;Q`vX G2i ≃ #2 �M 2[mBp�H2M+2 `2H�iBQM /2}M2/ QM
2�+? >QKC(�,"),�," ∈ P#D(C) �M/ +QKT�iB#H2 rBi? i?2
+QKTQbBiBQM BM i?2 7QHHQrBM; b2Mb2

71 ≃ 72, ;1 ≃ ;2 4⇒ ;1 ◦ 71 ≃ ;2 ◦ 72.

h?2 +QKT�iB#BHBiv +�M #2 `2T`2b2Mi2/ #v i?2 7QHHQrBM; /B�;`�K

� " * � *

71

72

≃

;1

;2

≃

;1◦71

;2◦72

≃

q2 b�v ≃ /2}M2b �M 2[mBp�H2M+2 `2H�iBQM QM CX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
G2i ≃ #2 �M 2[mBp�H2M+2 `2H�iBQM QM CX h?2 [mQiB2Mi +�i2;Q`v

C′ = C/ ≃

Bb /2}M2/ #v
! P#D(C′) = P#D(C′)

! >QKC′(�,") = >QKC(�,")/ ≃, ∀�," ∈ P#D(C′)X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

G2i A = [0, 1]X

.2}MBiBQM
hrQ KQ`T?BbKb 70, 71 : s → u BM hQT �`2 b�B/ iQ #2 ?QKQiQTB+-
/2MQi2/ #v 70 ≃ 71- B7

∃6 : s × A → u bm+? i?�i 6|s×0 = 70 �M/ 6|s×1 = 71.

q2 rBHH �HbQ r`Bi2 6 : 70 ≃ 71 Q` 70
6≃ 71 iQ bT2+B7v i?2 ?QKQiQTv 6X

h?Bb +�M #2 BHHmbi`�i2/ �b

6A 6−−−−→ u

71

70
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

G2i 7 : s → u #2 � KQ`T?BbK BM hQTX q2 /2}M2 Bib ?QKQiQTv +H�bb

[7] : {; ∈ >QK(s,u) | ; ≃ 7}.

q2 /2MQi2

[s,u] : = >QK(s,u)/ ≃ .

h?2Q`2K
>QKQiQTv /2}M2b �M 2[mBp�H2M+2 `2H�iBQM QM hQTX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QQ7,

q2 }`bi +?2+F i?�i ≃ /2}M2b �M 2[mBp�H2M+2 `2H�iBQM QM KQ`T?BbKbX

! _2~2tBpBiv, h�F2 6 bm+? i?�i 6 |s×i= 7 7Q` �Mv i ∈ AX
! avKK2i`v, �bbmK2 r2 ?�p2 � ?QKQiQTv 6 : 70 ≃ 71X h?2M

`2p2`bBM; A �b

6A −−→ u

71

70

4⇒ 6̃A −−→ u

70

71

BX2X i�FBM; 6̃(t, i) = 6(t, 1− i) : s × A → u- ;Bp2b 71 ≃ 70X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QQ7,

! h`�MbBiBpBiv, �bbmK2 r2 ?�p2 irQ ?QKQiQTB2b 6 : 70 ≃ 71 �M/
: : 71 ≃ 72- i?2M TmiiBM; i?2K iQ;2i?2` ;Bp2b 6̃ : 70 ≃ 72 �b

:

6
1
2

0

1

6̃−→ u

72

70

71 6̃(t, i) =
{

:(t, 2i − 1), 1/2 ≤ i ≤ 1;

6(t, 2i), 0 ≤ i ≤ 1/2.

q2 M2ti +?2+F ≃ Bb +QKT�iB#H2 rBi? +QKTQbBiBQMbX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QQ7,

G2i 70, 71 : s → u �M/ ;0, ;1 : u → wX �bbmK2 70
6≃ 71 �M/ ;0

:≃ ;1X

6A −−→ u

71

70

−−→ w
;0 4⇒ ;0 ◦ 70 ≃ ;0 ◦ 71

71 × B/A →

71

71

: −−→ w

;1

;0

4⇒ ;0 ◦ 71 ≃ ;1 ◦ 71

"i i`�MbBiBpBiv- ;0 ◦ 70 ≃ ;0 ◦ 71 ≃ ;1 ◦ 71X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

q2 /2MQi2 i?2 [mQiB2Mi +�i2;Q`v Q7 hQT mM/2` ?QKQiQTv `2H�iBQM

?hQT = hQT / ≃

rBi? KQ`T?BbKb >QK?hQT(s,u) = [s,u]X

.2}MBiBQM
hrQ iQTQHQ;B+�H bT�+2b s,u �`2 b�B/ iQ ?�p2 i?2 b�K2 ?QKQiQTv
ivT2 UQ` ?QKQiQTv 2[mBp�H2MiV B7 i?2v �`2 BbQKQ`T?B+ BM ?hQTX

1t�KTH2
R �M/ R2 �`2 ?QKQiQTB+ 2[mBp�H2Mi- #mi MQi ?QK2QKQ`T?B+X AM
Qi?2` rQ`/b- i?2v �`2 BbQKQ`T?B+ BM ?hQT- #mi MQi BbQKQ`T?B+ BM
hQTX �b r2 rBHH b22- R1 �M/ a1 �`2 MQi ?QKQiQTB+ 2[mBp�H2MiX
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G2i C,D #2 irQ +�i2;Q`B2bX � +Qp�`B�Mi 7mM+iQ` U`2bTX
+QMi`�p�`B�Mi 7mM+iQ`V 6 : C → D +QMbBbib Q7

RX 6 : P#D(C) → P#D(D)- � → 6(�)
kX >QKC(�,") → >QKD(6(�),6(")), ∀�," ∈ P#D(C)X

� 7−→ " 4⇒ 6(�) 6(7)→ 6(")

U`2bTX >QKC(�,") → >QKD(6("),6(�)), ∀�," ∈ P#D(C)-

� 7→ " 4⇒ 6(") 6(7)→ 6(�). )
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

b�iBb7vBM;
RX 6(; ◦ 7) = 6(;) ◦ 6(7) U`2bTX 6(; ◦ 7) = 6(7) ◦ 6(;)V 7Q` �Mv

+QKTQb�#H2 KQ`T?BbKb 7, ;

� 7 !!

;◦7 " "❆
❆❆

❆❆
❆❆

"
;
##

*

4⇒
6(�) 6(7)

!!

6(;)◦6(7) ((●
●●

●●
●●

●
6(")

6(;)
##

6(*)

U`2bTX `2p2`bBM; �HH �``Qrb BM /B�;`�K QM i?2 `B;?iVX
kX 6(1�) = 16(�), ∀� ∈ P#D(C)X

.2}MBiBQM
6 Bb +�HH2/ 7�Bi?7mH UQ` 7mHHV B7 >QKC(�,") → >QKD(6(�),6(")) Bb
BMD2+iBp2 UQ` bm`D2+iBp2V ∀�," ∈ P#D(C)X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
h?2 B/2MiBiv 7mM+iQ` 1C : C → C K�Tb

1C(�) = �, 1C(7) = 7

7Q` �Mv Q#D2+i � �M/ KQ`T?BbK 7X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
∀s ∈ P#D(C)-

>QK(s,−) : C → a2i,
� $→ >QK(s,�)

/2}M2b � +Qp�`B�Mi 7mM+iQ` �M/

>QK(−,s) : C → a2i,
� $→ >QK(�,s)

/2}M2b � +QMi`�p�`B�Mi 7mM+iQ`X
6mM+iQ`b Q7 i?2b2 irQ ivT2b �`2 +�HH2/ `2T`2b2Mi�#H2 U#v sVX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
h?2 7Q`;2i7mH 7mM+iQ`

6Q`;2i : :`QmT → a2i

UK�TTBM; � ;`QmT iQ Bib b2i Q7 ;`QmT 2H2K2MibV Bb `2T`2b2Mi�#H2 #v
i?2 7`22 ;`QmT rBi? QM2 ;2M2`�iQ` UBX2X ZVX

: = >QK:`QmT(Z,:) ∈ a2i .
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
G2i : #2 �M �#2HB�M ;`QmTX :Bp2M s ∈ hQT- r2 rBHH bim/v Bib M@i?
+Q?QKQHQ;v >M(s;:) rBi? +Q2{+B2Mi BM :X Ai /2}M2b �
+QMi`�p�`B�Mi 7mM+iQ`

>M(−;:) : ?hQT → a2i, s → >M(s;:).

q2 rBHH b22 i?�i i?Bb 7mM+iQ` Bb `2T`2b2Mi�#H2 #v i?2
1BH2M#2`;@J�+H�M2 bT�+2 E(:, M) B7 r2 rQ`F rBi? i?2 bm#+�i2;Q`v
Q7 *q@+QKTH2t2bX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
q2 /2}M2 � +QMi`�p�`B�Mi 7mM+iQ`

6mM : hQT → _BM;, s → 6mM(s) = >QKhQT(s,R).

6mM(s) �`2 +QMiBMmQmb `2�H 7mM+iBQMb QM sX � +H�bbB+�H `2bmHi Q7
:2H7�M/@EQHKQ;Q`Qz b�vb i?�i irQ +QKT�+i >�mb/Q`z bT�+2b s,u
�`2 ?QK2QKQ`T?B+ UBX2X 2[mBp�H2Mi BM hQTV B7 �M/ QMHv B7 6mM(s)
�M/ 6mM(u) �`2 `BM; BbQKQ`T?BbK UBX2X 2[mBp�H2Mi BM _BM;VX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM
G2i 6 : C → D #2 � 7mM+iQ`X amTTQb2 7 : � → " Bb �M BbQKQ`T?BbK
BM C- i?2M 6(7) : 6(�) → 6(") Bb �M BbQKQ`T?BbK BM DX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
G2i C,D #2 irQ +�i2;Q`B2b �M/ 6,: : C → D #2 irQ 7mM+iQ`bX �
M�im`�H i`�Mb7Q`K�iBQM τ : 6 ⇒ : +QMbBbib Q7 KQ`T?BbKb

τ = {τ� : 6(�) → :(�)|∀� ∈ P#D(C)}

bm+? i?�i i?2 /B�;`�K +QKKmi2b 7Q` �Mv �," ∈ C U?2`2 7 : � → "
B7 6,: �`2 +Qp�`B�Mi �M/ 7 : " → � B7 6,: �`2 +QMi`�p�`B�MiV

6(�)

τ�

##

6(7)
!! 6(")

τ"

##
:(�)

:(7)
!! :(")

τ Bb +�HH2/ � M�im`�H BbQKQ`T?BbK B7 τ� Bb �M BbQKQ`T?BbK 7Q` �Mv
� ∈ P#D(C) �M/ r2 r`Bi2 6 ≃ :X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
q2 +QMbB/2` i?2 7QHHQrBM; irQ 7mM+iQ`b

:GM, (−)× : *_BM; → :`QmT .

:Bp2M � +QKKmi�iBp2 `BM; _ ∈ *_BM;- :GM(_) Bb i?2 ;`QmT Q7
BMp2`iB#H2 M × M K�i`B+2b rBi? 2Mi`B2b BM _- �M/ _× Bb i?2
KmHiBTHB+�iBp2 ;`QmT Q7 BMp2`iB#H2 2H2K2Mib Q7 _X
h?2 /2i2`KBM�Mi /2}M2b � M�im`�H i`�Mb7Q`K�iBQM

/2i : :GM → (−)×

r?2`2 /2i_ : :GM(_) → _× Bb i?2 /2i2`KBM�Mi Q7 i?2 K�i`BtX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2
! G2i 6 : C → a2i #2 � +QMi`�p�`B�Mi 7mM+iQ`X h?2M �Mv
ϕ ∈ 6(�) BM/m+2b � M�im`�H i`�Mb7Q`K�iBQM

>QK(−,�) ⇒ 6

#v �bbB;MBM; 7 ∈ >QK(",�) iQ 6(7)(ϕ) ∈ 6(")X
! G2i : : C → a2i #2 � +Qp�`B�Mi 7mM+iQ`X h?2M �Mv ϕ ∈ :(�)

BM/m+2b � M�im`�H i`�Mb7Q`K�iBQM

>QK(�,−) ⇒ :

#v �bbB;MBM; 7 ∈ >QK(�,") iQ :(7)(ϕ) ∈ :(")X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
G2i 6,:,> : C → D #2 7mM+iQ`b �M/ τ1 : 6 ⇒ :, τ2 : : ⇒ > #2 irQ
M�im`�H i`�Mb7Q`K�iBQMbX h?2 +QKTQbBiBQM τ2 ◦ τ1 Bb � M�im`�H
i`�Mb7Q`K�iBQM 7`QK 6 iQ > /2}M2/ #v

(τ2 ◦ τ1)� : 6(�) τ1→ :(�) τ2→ >(�), ∀� ∈ P#D(C).

C . +QKTQb2 C .

6

:

>

τ1

τ2

6

>

τ2◦τ1
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
hrQ +�i2;Q`B2b C,D �`2 +�HH2/ BbQKQ`T?B+ B7

∃6 : C → D,: : D → C

bm+? i?�i
6 ◦ : = 1D,: ◦ 6 = 1C .

h?2v �`2 +�HH2/ 2[mBp�H2Mi B7 ∃6 : C → D,: : D → C bm+? i?�i

6 ◦ : ≃ 1D,: ◦ 6 ≃ 1C .

q2 b�v 6 : C → D ;Bp2b �M BbQKQ`T?BbKf2[mBp�H2M+2 Q7 +�i2;Q`B2bX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

AM �TTHB+�iBQMb- BbQKQ`T?BbK Bb � iQQ bi`QM; +QM/BiBQM iQ BKTQb2 7Q`
KQbi BMi2`2biBM; 7mM+iQ`bX 1[mBp�H2M+2 Bb KQ`2 `2�HBbiB+ �M/ 2[m�HHv
;QQ/ 2bb2MiB�HHvX h?2 7QHHQrBM; T`QTQbBiBQM rBHH #2 p2`v mb27mHX

S`QTQbBiBQM
G2i 6 : C → D #2 �M 2[mBp�H2M+2 Q7 +�i2;Q`B2bX h?2M 6 Bb 7mHHv
7�Bi?7mHX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
G2i C #2 � bK�HH +�i2;Q`v- �M/ D #2 � +�i2;Q`vX q2 /2}M2 i?2
7mM+iQ` +�i2;Q`v 6mM(C,D)

! P#D2+ib, 7mM+iQ`b 7`QK C iQ D

6 : C → D.

! JQ`T?BbKb, M�im`�H i`�Mb7Q`K�iBQMb #2ir22M irQ 7mM+iQ`b
Ur?B+? Bb BM/22/ � b2i bBM+2 C Bb bK�HHVX

C D

6

:
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2Q`2K UuQM2/� G2KK�V
G2i C #2 � +�i2;Q`v �M/ � ∈ CX .2MQi2 i?2 irQ 7mM+iQ`b

?� = >QKC(−,�) : C → a2i, ?� = >QKC(�,−) : C → a2i .

RX *QMi`�p�`B�Mi p2`bBQM, G2i 6 : C → a2i #2 � +QMi`�p�`B�Mi
7mM+iQ`X h?2M i?2`2 Bb �M BbQKQ`T?BbK Q7 b2ib

>QK6mM(C,a2i) (?�,6) ∼= 6(�).

h?Bb BbQKQ`T?BbK Bb 7mM+iQ`B�H BM �X
kX *Qp�`B�Mi p2`bBQM, G2i : : C → a2i #2 � +Qp�`B�Mi 7mM+iQ`X

h?2M i?2`2 Bb �M BbQKQ`T?BbK Q7 b2ib

>QK6mM(C,a2i)
(

?�,:
)
∼= :(�).

h?Bb BbQKQ`T?BbK Bb 7mM+iQ`B�H BM �X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2 T`2+Bb2 K2�MBM; Q7 7mM+iQ`B�HBiv BM � Bb i?�i r2 ?�p2
BbQKQ`T?BbKb Q7 7mM+iQ`b C → a2i

>QK6mM(C,a2i)
(
?(−),6

) ∼= 6(−), >QK6mM(C,a2i)
(

?(−),:
)
∼= :(−).
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

�/DmM+iBQM

G2i C,D #2 irQ +�i2;Q`B2b- �M/ H2i

G : C → D,_ : D → C

#2 irQ U+Qp�`B�MiV 7mM+iQ`bX h?2 `mH2b U� ∈ C,. ∈ DV

(�,") → >QKD(G(�),"), (�,") → >QKC(�,_("))

/2}M2 irQ 7mM+iQ`b

>QKD(G(−),−),>QKC(−,_(−)) : C ×D → a2i .
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

q2 b�v G �M/ _ �`2 �/DQBMi iQ QM2 �MQi?2` UKQ`2 T`2+Bb2Hv- G Bb i?2
H27i �/DQBMi- _ Bb i?2 `B;?i �/DQBMiV- B7 i?2`2 Bb � M�im`�H BbQKQ`T?BbK

τ : >QKD(G(−),−) ∼= >QKC(−,_(−));

i?�i Bb- 7Q` 2�+? � ∈ C," ∈ D- r2 ?�p2 � b2i BbQKQ`T?BbK

τ�," : >QKD(G(�),") ∼= >QKC(�,_("))

�M/ i?Bb BbQKQ`T?BbK Bb 7mM+iQ`B�H #Qi? BM � �M/ BM "X q2
bQK2iBK2b r`Bi2 �/DQBMi 7mM+iQ`b �b

G : C D : _.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

1t�KTH2 U6`22 pb 6Q`;2iV
G2i s #2 � b2i- �M/ 6(s) = ⊕

t∈s
Z /2MQi2 i?2 7`22 �#2HB�M ;`QmT

;2M2`�i2/ #v sX h?Bb /2}M2b � 7mM+iQ`

6 : a2i → �#, s → 6(s).

6Q`;2iiBM; i?2 ;`QmT bi`m+im`2 /2}M2b � 7mM+iQ` Ubm+? 7mM+iQ` Bb
Q7i2M +�HH2/ � 7Q`;2i7mH 7mM+iQ`V

: : �# → a2i, � → �.

h?2b2 irQ 7mM+iQ`b �`2 �/DQBMi iQ 2�+? Qi?2`

6 : �# a2i : :.

AM 7�+i- K�Mv Ǵ7`22 +QMbi`m+iBQMbǴ BM K�i?2K�iB+b �`2 H27i �/DQBMi
iQ +2`i�BM 7Q`;2i7mH 7mM+iQ`bX


